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Abstract: In this paper we study the Hamming-like fermionic code encoding three-qubits
into sixteen Majorana modes recently introduced by Hastings. We show that although this
fermionic code cannot be obtained from a single qubit stabilizer code via the usual procedure
however, it can be obtained from two, qubit stabilizer ones via a glueing procedure combining
both single and double occupancy embeddings of qubits into fermionic Fock space. This
technique identifies the code subspace as a Cartan subspace of the largest exceptional group
E8. In arriving at these results we develop a general formalism for implementing this glueing
procedure via the use of intertwiners between different subsectors of the Fock space realizing
embedded qubits.
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1 Introduction
It is well-known that from qubit stabilizer codes[1, 2, 3] one can construct Majorana fermion
codes[4]. Namely: given an n qubit stabilizer code encoding k logical qubits one can con-
struct a Majorana fermion code[5] with 4n Majorana modes encoding k qubits. It is also
known that if the distance of the qubit stabilizer code is d then the distance for the cor-
responding fermionic one is 2d. An elementary example of a distance 2 qubit stabilizer
code is featuring 4 physical qubits and 2 logical ones. Let us call this code the ”four qubit
code”. It is easy to see that there is no distance 2 qubit stabilizer code on 4 physical qubits
and 3 logical ones[6]. Hence according to the fermionic embedding procedure no code with
16 Majorana modes, distance 4, and 3 logical qubits exists. However, in a recent paper
Hastings[6] managed to construct a class of Majorana fermionic codes with 2l modes l ≥ 3,
which cannot be obtained from a qubit stabilizer code. The l = 4 case of 16 modes will be of
special importance for us. This code is precisely a Majorana fermionic one with 16 Majorana
modes distance 4 and 3 logical qubits i.e. a [16, 3, 4] code.
In this paper we show that although this special code cannot be obtained from a single
qubit stabilizer one[6] however, it can be obtained via combining two (qubit stabilizer) codes
in a special manner. As a first step one can start with two copies of the four qubit code.
One of the copies is based on an embedded four qubit system in the single and the other
on an embedded four qubit one in the double occupancy representation[7]. Then the two
copies are glued together to form Hasting’s code via applying the intertwiner between the
single and double occupancy representations. This intertwiner acts as the bit flip operation
acting on an extra qubit, i.e. the third one, making it possible to combine the two copies of
(logical) two qubit systems to a (logical) three qubit one. As an extra bonus this construction
identifies this code as a Cartan subspace of the largest exceptional group E8.
The aim of this paper is two-fold. Apart from being a case study aiming at the group
theoretical clarification of the meaning of a special code we would like to set the stage
for further understanding of fermionic codes within the formalism as developed in Ref.[7].
Our approach of concentrating on the code subspaces rather than on their stabilizers is
somewhat contrary to the spirit of the stabilizer formalism. Although lacking the main
virtue and elegance of the stabilizer formalism our observations hopefully provide some hints
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for constructing physically interesting Majorana fermion codes which cannot be obtained
from qubit stabilizer ones.
The organization of this paper is as follows. In Section 2. we summarize the basics
needed for understanding fermionic codes. Section 3. is devoted to a recapitulation of
ideas presented in Ref.[7] on embedding qubits into fermionic Fock space. Here the notions
of single and double occupancy representations are introduced. In Section 4. the simple
example of the four qubit code is considered from the dual perspective of regarding this code
as a [16, 2, 4] fermionic one both in the single and the double occupancy representations. In
Section 5. it is shown that the [16, 3, 4] code introduced by Hastings can be regarded as
a one glued together from two copies of the [16, 2, 4] four qubit code. Finally we link our
construction to the Cartan decomposition e8 = so(16)⊕m of the Lie algebra of the largest
exceptional group E8 where m is the even chirality sector of the fermionic Fock space with
8 modes. Section 6. is left for the conclusions.
2 Fermionic codes based on an even number of modes
As a starting point we summarize our setting up for fermionic systems and their codes. Let
V be an N = 2n dimensional complex vector space and V ∗ its dual. We regard V = CN
with {eI}, I = 1, 2, . . .N the canonical basis and {e
I} the dual basis. Elements of V will
be called single particle states. To the number N = 2n we will refer to as the number of
modes1. Equipped with a Hermitian inner product 〈·|·〉 our vector space V can be regarded
as the Hilbert space of single particle states. We also introduce the 2N dimensional vector
space
V ≡ V ⊕ V ∗. (1)
An element of V is of the form x = v + α where v is a vector and α is a linear form.
According to the method of second quantization to any element x ∈ V one can associate a
linear operator Ox acting on the fermionic Fock space FN which is represented as a direct
sum of m-particle subspaces F (m),m = 0, 1, . . .N .
Explicitely, to the basis vectors of V one associates fermionic creation and annihilation
operators
OeI ≡ pI , OeJ ≡ nJ , I, J = 1, . . .N (2)
satisfying the usual fermionic anticommutation relations
{pI , nJ} = δIJ , {pI , pJ} = {nI , nJ} = 0. (3)
Since a Hermitian inner product on V is at our disposal one can regard the pI as the
Hermitian conjugate of the nI . In this way one can revert to the usual notation familiar
from the literature: f †I ≡ pI and fI ≡ nI . Then the direct sum structure of FN is made
explicit as follows. Define the vacuum state |vac〉 ∈ FN by the property
nI |vac〉 = 0. (4)
Then FN of dimension 2
N is spanned by the basis vectors
|vac〉, pI1pI2 · · · pIm |vac〉, 1 ≤ I1 < I2 < · · · < Im ≤ N, m = 1, . . .N. (5)
Hence
FN =
N⊕
m=0
F (m). (6)
1The number of modes (2n) is to be contrasted with the number of Majorana modes (4n) to be introduced
soon.
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There is an alternative way of looking at the structure of FN . In this picture one describes
the 2N basis vectors of FN as
|κ1κ2 . . . κN〉 ≡ p
κ1
1 p
κ2
2 · · · p
κN
N |vac〉, (κ1, κ2, . . . , κN ) ∈ Z2
N (7)
hence |00 . . .0〉 ≡ |vac〉, |10 . . . 0〉 ≡ p1|vac〉 etc. Let us now define 2N Majorana fermion
operators as follows
c2I−1 = pI + nI , c2I = i(pI − nI). (8)
These operators are satisfying
{cµ, cν} = 2δµν , c
†
µ = cµ, µ = 1, 2, . . . 2N. (9)
Representing the cµ via the N -fold tensor product
2 of Pauli matrices (with identity matrices
in the remaining slots implicit) as
c2I−1 =
(
I−1∏
J=1
σ(J)z
)
σ(I)x ≡
I−1∏
J=1
ZJXI , c2I =
(
I−1∏
J=1
σ(J)z
)
σ(I)y ≡
I−1∏
J=1
ZJYI (10)
amounts to the well-known Jordan-Wigner representation. Hence in this alternative picture
FN is represented as an N -fold tensor product of two dimensional complex vector spaces.
Define the chirality operator as
Γ =
N∏
I=1
(1 − 2pInI) = (−i)
N
N∏
I=1
c2I−1c2I (11)
For k even (odd) the states of Eq.(5) are eigenvectors of Γ with eigenvalues +1(−1). The
corresponding eigensubspaces of Γ will be denoted by F±N . We will refer to their elements
as spinors of positive or negative chirality.
Now we summarize the basics of fermionic codes[4]. The formalism follows the same
pattern as the one familiar for stabilizer codes[3]. The single-mode operators c1, . . . , c2N ,
together with the phase factor i, generate a group of Majorana operators Maj (2N ). The
number 2N = 4n will be called the number of Majorana modes. An element of the group
Maj (2N ) can be represented as
ωcA, cA =
∏
µ∈A
cµ, ω ∈ {±1,±i} (12)
where A ⊂ {1, . . . 2N} is some subset of modes.
We use a standard ordering for the product of single-mode operators cµ, meaning that
the indices µ increase from the left to the right. The weight of a Majorana operator is the
number of modes in its support, |cA| = |A|. A Majorana operator is called even (odd) iff
its weight is even (odd). We have
cAcB = (−1)
〈A,B〉cBcA, 〈A,B〉 ≡ |A| · |B|+ |A ∩ B| mod2. (13)
Regarding the power set of {1, . . .2N} with 22N elements as the vector space Z2N2 over Z2
with addition defined by the symmetric difference of two subsets, 〈·|·〉 defines a symplectic
form on Z2N2 . For the basic properties of these structures we orient the reader to our
Appendix.
A Majorana fermion code is a linear subspace of FN which is left invariant by a stabilizer
group S ⊂ Maj (2N ) satisfying the conditions: 1. S is an Abelian group not containing −1,
2. all elements of S have even weight.
The set of Majorana operators C(S) that commute with all elements of S is called the
centralizer of S. Logical operators of a Majorana fermion code associated to S are elements
of C(S) which are not in S. If S is generated by N − k independent generators, then C(S)
2Only in the following formula for the product the use of the ⊗ symbol is implicit.
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is generated by N + k independent ones. One can choose a set of 2k logical Pauli operators
{X1, . . . , Xk, Z1, . . . , Zk} ∈ C(S)−S satisfying the usual Pauli commutation relations. The
distance d of a Majorana fermion code is the minimum weight of logical operators. A code
with distance d is able to detect any error affecting less than d Majorana modes, and able to
correct any error acting on less than d/2 Majorana modes. A fermionic code with 2N = 4n
Majorana modes, k logical bits and distance d will be called an [4n, k, d] fermionic code.
Clearly codes with d = 2, though legitime ones, are not particularly useful since they cannot
correct the detected error on a single Majorana mode. However, they are important as
building blocks for nontrivial fermionic codes. Examples of codes of that type are the ones
related to embedding qubits in Fock space. We will discuss these codes in the next section.
3 Embedding qubits
In this section based on the formalism of [7] we summarize results on embedding qubits into
fermionic Fock space. Being of basic importance for our concerns, the single and double
occupancy representations will be carefully discussed.
According to (6) an arbitrary state |ψ〉 ∈ FN can be written in the form
|ψ〉 =
N∑
m=0
N∑
I1I2···Im=1
1
m!
ψ
(m)
I1I2...Ik
pI1pI2 · · · pIm |vac〉. (14)
Here the mth order totally antisymmetric tensors ψ
(m)
I1I2···Im
encapsulate the complex ampli-
tudes of the m-”particle” subspace. Let us define
s ≡
1
2
AIJ [pI , nJ ] +
1
2
BIJpIpJ +
1
2
CIJnInJ , (15)
then Λ ≡ es ∈ Spin(2N,C). Here A,B,C are N × N complex matrices with B and C
skew-symmetric and for the repeated indices summation is understood. Transformations of
the form
|ψ〉 7→ λΛ|ψ〉, (λ,Λ) ∈ C× × Spin(2N,C), |ψ〉 ∈ FN (16)
are called generalized SLOCC transformations [7, 8]. In the following we are interested in
the Spin(2N,C) subgroup represented by elements of the form (1,Λ).
The particle number conserving subgroup of the generalized SLOCC group is obtained
by setting B = C = 0 in Eq.(15). Now we have
Λ = e−TrA/2eAIJpInJ . (17)
The action of Λ on a state of the m-particle subspace F (m) of FN is
Λ|ψ(m)〉 =
1
m!
ψ
′(m)
I1...Im
pI1 · · · pIm |vac〉, ψ
′(m)
I1...Im
= (DetA)−1/2AJ1
I1 · · ·AJk
Ikψ
(k)
I1...Ik
(18)
where
A = eA ∈ GL(N,C). (19)
Recall that for the cases considered here the number of modes is even, N = 2n. In this
case we introduce a new (”odd-even”) labelling for the canonical basis vectors of V as
{e1, e1, e2, e2, . . . , en, en} ≡ {e1, e2, e3, e4, . . . , e2n−1, e2n}. (20)
Hence we have two sets of basis vectors {ej} and {ej} where j = 1, . . . n. For the states of
the n-fermion subspace F (n) of F2n we introduce the special notation
|Z〉 =
1
n!
ZI1I2...InpI1pI2 · · · pIn |vac〉. (21)
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Under the subgroup of Eq.(17) the amplitudes of this state transform as
ZJ1...Jn 7→ (DetA)
−1/2AJ1
I1 · · ·AJn
InZI1...In ≡ SJ1
I1 · · ·SJn
InZI1...In , (22)
where
SJ
I ≡ (DetA)−
1
2nAJ
I ∈ SL(2n,C). (23)
Hence in this special case the (17) subgroup of transformations coming from the group
Spin(4n,C) with BIJ = CIJ = 0 will produce an SL(2n,C) subgroup.
From the set of
(
2n
n
)
basis vectors of F (n) we choose a special subset containing merely
2n elements as follows
p1p2 · · · pn|vac〉, p1p2 · · · pn|vac〉, . . . , p1p2 · · · pn|vac〉, p1p2 · · · pn|vac〉, (24)
or in the notation of Eqs.(7) and (20),
|1010 . . .10〉, |1010 . . .01〉, . . . , |0101 . . .10〉, |0101 . . .01〉 (25)
These basis vectors are spanning the linear subspace Ks of an embedded n-qubit system.
We will refer to this embedding of n-qubits as the single occupancy representation[7, 9].
We give the explicit form of this embedding as follows. For the n-qubit state |ψ〉 ∈ C2
n
with amplitudes ψ00...0, ψ00...1 . . . , ψ11...1. we associate an element |Zψ〉 ∈ Ks ⊂ F
(n) via
the mapping
|ψ〉 7→ |Zψ〉 = (ψ11...1p1p2 · · · pn + ψ11...0p1p2 · · · pn + · · ·+ ψ00...0p1p2 · · · pn) |vac〉. (26)
Now the operators3
σx
(j) = pjnj + pjnj , σy
(j) = i(pjnj − pjnj), σz
(j) = pjnj − pjnj (27)
taken together with the triple {iσx
(j), iσy
(j), iσz
(j)} form the 2 × 2 representation for the
generators of n copies of the group SL(2,C). Clearly on the basis states (the computational
basis for the j-th qubit)
|0〉j ≡ . . . pj . . . |vac〉 = | . . . 01 . . . 〉, |1〉j ≡ . . . pj . . . |vac〉 = | . . . 10 . . . 〉 (28)
these operators give rise to the usual Pauli spin matrices. Then the n copies of SL(2,C)s
give rise to an SL(2,C)×n action on Ks.
One can relate this action to a special subset of the fermionic SL(2n,C) transformations
on F (n) of the (22) form as follows. These are transformations, characterized by a 2n× 2n
matrix S of the (23) form, that leave the subspace Ks invariant. Looking at Eq.(22) it is
easy to see that such transformations can be organized to a matrix of the form
S =
(
a b
c d
)
∈ SL(2n,C) (29)
where a = diag(a1, . . . an), b = diag(b1, . . . bn), c = diag(c1, . . . cn), diag(d1, . . . dn), i.e. the
n× n blocks of S are diagonal matrices. One can also place these complex numbers into an
n element set of 2× 2 matrices
S(j) ≡
(
aj bj
cj dj
)
∈ SL(2,C), j = 1, 2, . . . n. (30)
Now the transformation |Zψ〉 7→ Λ|Zψ〉 gives rise to the one
ψα1...αn 7→ S
(1)
α1
β1
· · ·S(n)αn
βn
ψβ1...βn , S
(j) ∈ SL(2,C), j = 1, 2 . . . n (31)
3The overline on σs s = x, y, z is not referring to complex conjugation. It is merely indicating that the
Pauli matrices obtained in this way are different from the ones showing up in Eq.(10).
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which is just the SL(2,C)×n action for n-qubits.
The single occupancy representation can be elegantly described in terms of majorana
operators cµ, µ = 1, 2, . . .4n introduced in Eqs. (8)-(9). On F2n we have
σ(j)x =
i
2
(c4j−3c4j − c4j−2c4j−1), (32)
σ(j)y =
i
2
(c4j−2c4j − c4j−1c4j−3), (33)
σ(j)z =
i
2
(c4j−1c4j − c4j−3c4j−2). (34)
However, on Ks we have c4j−3c4j = −c4j−2c4j−1 etc. hence on Ks one can choose
σ(j)x = ic4j−3c4j , σ
(j)
y = ic4j−2c4j , σ
(j)
z = ic4j−1c4j , j = 1, 2, . . . n. (35)
This result connects our single occupancy embedding of qubits into fermions to the one of
Kitaev[5].
Let us now introduce the operators
gj ≡ c4j−3c4j−2c4j−1c4j , j = 1, 2, . . . n (36)
satisfying
[gj, gk] = 0, j, k = 1, 2, . . . n. (37)
These operators stabilize Ks. In the language of fermionic stabilizer codes one can regard
Ks as a fermionic code, with stabilizer group defined by the generators gj. Indeed, the
dimension of F2n is 2
2n = 2Nmaj/2 where Nmaj = 4n is the number of Majorana modes,
on the other hand since the number of generators is n, we have for the dimension[6] of
F (n) 22n/2n = 2n the dimension of the n-qubit Hilbert space. In this language the single
occupancy subspace is a [4n, n, 2] fermionic code.
Apart from the single occupancy embedding for n-qubits there exist the double and
mixed occupancy embeddings[7]. The double occupancy subspace Kd is spanned by the
basis states
|vac〉, pjpj |vac〉, pjpjpkpk|vac〉 j < k, . . . , p1p1 · · · pnpn|vac〉. (38)
For our n-qubit state |ψ〉 now we associate a new state |Wψ〉, called a one in the double
occupancy representation, by the rule
|Wψ〉 = ψ00...0p1p1p2p2 · · · pnpn|vac〉+ · · ·+ ψ01...1p1p1|vac〉+ ψ11...1|vac〉. (39)
Now the operators
σ˜(j)x = njnj − pjpj, σ˜
(j)
y = i(njnj + pjpj), σ˜
(j)
z = pjnj − njpj (40)
taken together with the triple {iσ˜
(j)
x , iσ˜
(j)
y , iσ˜
(j)
z } form the 2 × 2 representation for the
generators[7] of n copies of the group SL(2,C). Clearly on the basis states (the compu-
tational basis for the j-th qubit)
|0˜〉j ≡ . . . pjpj . . . |vac〉 = | . . . 11 . . . 〉, |1˜〉j ≡ . . .1 . . . |vac〉 = | . . . 00 . . . 〉 (41)
these operators again give rise to the usual Pauli spin matrices.
The double occupancy form of the operators (35) is
σ˜(j)x = −
i
2
(c4j−3c4j + c4j−2c4j−1), (42)
σ˜(j)y =
i
2
(c4j−2c4j + c4j−1c4j−3), (43)
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σ˜(j)z =
i
2
(c4j−1c4j + c4j−3c4j−2). (44)
It is easy to relate the single and double occupancy subspaces[7]. Define the intertwiner
Ω ≡ c1c5 · · · c4n−3 (45)
then we have
Kd = ΩKs (46)
and
σ˜(j)r = c4j−3σ
(j)
s c4j−3, r = x, y, z, j = 1, 2, . . . , n. (47)
From Eqs.(32)-(34) and Eqs.(42)-(44) and the (28), (41) definitions it is clear that the
operators
σˆ(j)x ≡ −ic4j−2c4j−1, σˆ
(j)
y ≡ ic4j−2c4j , σˆ
(j)
z ≡ ic4j−1c4j (48)
form a representations of the Pauli operators on both the single and double occupancy sub-
spaces.
4 Embeddings of the four qubit code
The four qubit code is a [4, 2, 2] qubit stabilizer code with with n = 4, k = 2, and d = 2
i.e. it is a distance4 two code which is encoding two logical qubits into four ones. Using
again the shorthand notation (σx, σy , σz) = (X,Y, Z) the stabilizer group of this code is
S = 〈XXXX,ZZZZ〉. The centralizer of the stabilizer is
C(S) = 〈XIIX, IXIX,ZIIZ, IZIZ, S, iI〉. (49)
The two logical qubits are encoded into the subspace VS spanned by the basis vectors
|00〉 = |0000〉+ |1111〉, |01〉 = |0101〉+ |1010〉, (50)
|10〉 = |1001〉+ |0110〉, |11〉 = |0011〉+ |1100〉. (51)
We remark that states of VS of the form
|Gabcd〉 = a|00〉+ b|01〉+ c|10〉+ d|11〉, a, b, c, d,∈ C (52)
are comprising the semisimple SLOCC orbits of four-qubit entangled states[10, 11].
The 15 nontrivial logical operations of the two-qubit Pauli group acting on the encoded
qubits can be constructed from the basis
{IX,XI, IZ, ZI} ↔ {XIXI,XIIX,ZIIZ, ZIZI}. (53)
Note that on VS , IIXX ≃ XXII etc. since IIXX = XXII ·XXXX where XXXX ∈ S.
Indeed, due to IZ ·XI = XZ and ZIIZ ·XIIX = −Y IIY one should have −XZ ↔ Y IIY
etc. Hence for example the following famous arrangement of nine two-qubit Pauli operators
(Mermin square[12]) can be represented by four-qubit ones acting on VS as follows
XX IX XIY Y −ZX −XZ
ZZ ZI IZ

↔

XXII XIXI XIIXY Y II Y IY I Y IIY
ZZII ZIZI ZIIZ

 (54)
4 Recall[4] that the weight of a Pauli operator is the number of qubits on which the operator acts
nontrivially. The distance of the code is the minimal weight of its logical operators.
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Here the operators on each row and column are mutually commuting however, the product
of the rows is the identity with a plus and the product of the columns is the identity with
a minus sign. (XXII ·XIXI · XIIX = XXXX ≃ IIII on VS .) Notice also that all the
logical operators showing up in Eq.(54) are of weight two in accordance with the fact that
our code has distance two.
Untill this point the two qubits were embedded into the four-qubit space. But using the
fermionic formalism makes it also possible to embed our two-qubits into a bigger, majorana
fermionic system with sixteen modes. Indeed, this embedding is effected by regarding the
four-qubit Hilbert space as a fermionic system with eight modes in the single occupancy
representation. In this case we have n = 4 and N = 8, the generalized SLOCC group is
C××Spin(16,C), and the single occupancy representation is embedded inside the space F+8 ,
i.e. the one of Weyl spinors of positive chirality. Such positive chirality spinors are of the
form
|Ψ+〉 =
(
η +
1
2!
XIJpIJ +
1
4!
ZIJKLpIJKL +
1
6!
εIJKLMNRSYIJpKLMNRS + ξp12345678
)
|vac〉
(55)
where we have used the notation pI1pI2 · · · pIk ≡ pI1I2...Ik . According to Eq.(26) in the single
occupancy representation a four qubit state |ψ〉 is embedded into F (4) ⊂ F+8 ⊂ F8 as follows
|Zψ〉 = (Z1234p1234 + Z1234p1234 + · · ·+ Z1234p1234 + Z1234p1234) |vac〉 ∈ Ks, (56)
Z1234 = ψ1111, Z1234 = ψ1110, . . . ,Z1234 = ψ0001, Z1234 = ψ0000 (57)
i.e. from the 128 amplitudes of the spinor Ψ+ only 16 amplitudes, taken from the
(
8
4
)
= 70
ones of ZIJKL, are kept.
The single occupancy subspace Ks ⊂ F
(4) as a Majorana fermionic code can be uniquely
characterized by the stabilizer group S4 ⊂ Maj(16) given as S4 = 〈g1, g2, g3, g4〉 where the
generators are the n = 4 ones given by Eqs.(36)-(37). The [4, 2, 2] four qubit code as a
stabilizer code reinterpreted as a [16, 2, 4] Majorana fermionic one is obtained by adjoining
two extra generators g5 and g6 explicitely given by
g5 = c1c4c5c8c9c12c13c16, g6 = c3c4c7c8c11c12c15c16. (58)
Indeed by virtue of Eq.(35) g5 and g6 correspond to σ
(1)
x σ
(2)
x σ
(3)
x σ
(4)
x and σ
(1)
z σ
(2)
z σ
(3)
z σ
(4)
z
respectively, corresponding to the two generators of S introduced in the beginning of this
section. Let us denote our new stabilizer by S2 ⊂Maj(16) where S2 = 〈g1, g2, g3, g4, g5, g6〉.
Hence in the notation of Section 2. this code is an [16, 2, 4] fermionic one[4]. Notice that
S2 automatically contains the chirality operator Γ = g1g2g3g4 =
∏8
I=1 c2I−1c2I . This corre-
sponds to the fact that the code space of Eq.(52) is embedded into F+8 .
Let us denote by V S2 the code space stabilized by S2. Then an arbitrary element of the
code space can be written in the following form
|G〉 = [a(p1234 + p1234) + b(p1234 + p1234) + c(p1234 + p1234) + d(p1234 + p1234)] |vac〉 (59)
which is the embedded version of the state of Eq.(52) into fermionic Fock space in the single
occupancy representation.
For later use it is worth recapitulating the meaning of the basis vectors of V S2 . Define
|E0〉 = (p1234 + p1234)|vac〉 = |01010101〉+ |10101010〉 = |0000〉+ |1111〉 = |00〉 (60)
|E1〉 = (p1234 + p1234)|vac〉 = |01100110〉+ |10011001〉 = |0101〉+ |1010〉 = |01〉 (61)
|E2〉 = (p1234 + p1234)|vac〉 = |01101001〉+ |10010110〉 = |0110〉+ |1001〉 = |10〉 (62)
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|E3〉 = (p1234 + p1234)|vac〉 = |01011010〉+ |10100101〉 = |0011〉+ |1100〉 = |11〉 (63)
then we can write
|G〉 = yα|Eα〉, (y0, y1, y2, y3) = (a, b, c, d), α = 0, 1, 2, 3. (64)
The meaning of the alternative forms for |Eα〉 is as follows. The appearance of the vectors
showing up after the first two equality signs conforms with the definitions displayed by
Eqs.(7) and (20). The form displayed after the third equality sign conforms with our (28)
realization of the single occupancy representation. The overline in this context refers to the
fact that this representation corresponds to a fermionic code with the overlined bits being
its logical bits. The last form of the basis vectors indicates that these vectors span the code
subspace of the four qubit code living inside the single occupancy subspace. The double
overline refers to the fact that it can be regarded as a ”code inside a code”. Of course apart
form the new notation dictated by the fermionic context the corresponding vectors are just
the ones of Eqs.(50)-(51).
The four qubit code can easily be realized inside the double occupancy subspace as well.
In order to do this one simply has to use the intertwiner of Eq.(46) namely
Ω ≡ c1c5c9c13 (65)
to create the corresponding basis vectors spanning the relevant code subspace V˜S2
|E˜α〉 ≡ Ω|Eα〉. (66)
The result is the state
|G˜〉 = y˜α|E˜α〉, (y˜0, y˜1, y˜2, y˜3) = (a, b, c, d), α = 0, 1, 2, 3. (67)
with
|E˜0〉 = (1+ p12341234)|vac〉 = |00000000〉+ |11111111〉 = |1˜1˜1˜1˜〉+ |0˜0˜0˜0˜〉 = |
˜˜0˜˜0〉 (68)
|E˜1〉 = (p1133 + p2244)|vac〉 = |11001100〉+ |00110011〉= |0˜1˜0˜1˜〉+ |1˜0˜1˜0˜〉 = |
˜˜0˜˜1〉 (69)
|E˜2〉 = (p1144 + p2233)|vac〉 = |11000011〉+ |00111100〉= |0˜1˜1˜0˜〉+ |1˜0˜0˜1˜〉 = |
˜˜1˜˜0〉 (70)
|E˜3〉 = (p1122 + p3344)|vac〉 = |11110000〉+ |00001111〉= |0˜0˜1˜1˜〉+ |1˜1˜0˜0˜〉 = |
˜˜1˜˜1〉 (71)
Now the form displayed after the third equality sign conforms with our (41) realization of
the double occupancy representation.
Notice that according to Eqs.(48), and (53) the two qubit logical operators of the four
qubit code acting on both the single and double occupancy subspaces are of the form
{IX,XI, IZ, ZI} = {−c2c3c10c11,−c2c3c14c15,−c3c4c15c16,−c3c4c11c12} (72)
{ ˜˜I ˜˜X, ˜˜X ˜˜I, ˜˜I ˜˜Z, ˜˜Z ˜˜I} = {−c2c3c10c11,−c2c3c14c15,−c3c4c15c16,−c3c4c11c12}. (73)
5 The fermionic code of Hastings
The fermionic code of Hastings is a [16, 3, 4] fermionic code with the following stabilizer
group S3 ⊂ Maj(16).
S3 = 〈G1, G2, G3, G4,Γ〉, Gj =
16∏
µ=1
(cµ)
vµ
j , vj = v
µ
j eµ ∈ Z
16
2 , (74)
9
where the components of the four vectors vj with j = 1, 2, 3, 4 are described by the rows of
the following 4× 16 matrix


0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

 . (75)
Alternatively (see Appendix5) one can describe these generators as the 8-fold Kronecker
products of Pauli matrices
G1 = XYXYXYXY, G2 = IZIZIZIZ, G3 = IIZZIIZZ, G4 = IIIIZZZZ. (76)
Notice also that G5 ≡ Γ = ZZZZZZZZ.
From Eq.(75) one can see that the 16 columns of the matrix give the binary representation
of integers from 0 to 15. Hence any error effected by the action of a single Majorana operator
cµ gives a unique error syndrome. Indeed, the pattern of violated stabilizers is given by the
binary representation of µ − 1. Clearly the construction of this code is closely related to a
similar one based on the classical Hamming code[6].
Now we show that although this code cannot be obtained from a single qubit stabilizer
code[6] via the usual procedure[4] however, one can obtain it from two such stabilizer ones via
a simple glueing procedure based on a use of the single and double occupancy representations.
Take two different copies of the code subspace of the [4, 2, 2] four qubit code. Inside the
Fock space these qubit stabilizer codes give rise to two code subspaces of [16, 2, 4] fermionic
codes. One (V S2) with amplitudes (Ψ0,Ψ1,Ψ2,Ψ3) belonging to the single and the other
(V˜S2) with amplitudes (Ψ4,Ψ5,Ψ6,Ψ7) to the double occupancy representation. Glueing
them together with the intertwiner Ω of Eq.(65) we obtain the state
|Ψ〉 = Ψα|Eα〉+Ψα+4Ω|Eα〉 α = 0, 1, 2, 3 (77)
where for the definitions see Eqs.(60)-(63) and (66). We claim that the basis vectors showing
up in this state are spanning V S3 , i.e. the code space of the [16, 3, 4] fermionic code stabilized
by S3.
In order to show this one just has to observe that the generators of S3 stabilize all of the
basis vectors. In order to find a convenient set of logical operators we convert the decimal
labels of the amplitudes of |Ψ〉 to a three-qubit binary one by using the following assignment
for the basis vectors
|E0〉 = |000〉, |E1〉 = |001〉, |E2〉 = |010〉, |E3〉 = |011〉 (78)
Ω|E0〉 = |100〉, Ω|E1〉 = |101〉, Ω|E2〉 = |110〉, Ω|E3〉 = |111〉. (79)
Labelling the three logical qubits from the left to the right, flipping the first qubit amounts
to going from the single occupancy representation to the double and vice versa. Hence the
intertwiner Ω = c1c5c9c13 = Y ZXIY ZXI serves as the logical Pauli operator XII. Notice
also that any of the operators gj with j = 1, 2, 3, 4 of Eq.(36) stabilize the basis vectors of the
single occupancy representation and taking to the negative of the basis vectors of the double
occupancy one. Hence any one of them can serve as the logical Pauli operator ZII. As a
representative of this operator let us choose g1 = c1c2c3c4 = −ZZIIIIII. The remaining set
of logical operators acting on the second and third logical qubit are immediately identified
by looking at Eqs.(72)-(73). Indeed, since the very same operators are acting on the single
and double occupancy spaces one has the assignment
{IIX, IXI, IIZ, IZI} = {−c2c3c10c11,−c2c3c14c15,−c3c4c15c16,−c3c4c11c12}. (80)
5 In Eq.(99) the rows of (75) should be regarded as columns.
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Hence the centralizer of the stabilizer S3 is
C(S) = 〈−c2c3c10c11,−c2c3c14c15, c1c5c9c13,−c3c4c15c16,−c3c4c11c12, c1c2c3c4, i1, S〉. (81)
In order to elucidate the group theoretical meaning of the code of Hastings we proceed
as follows. First of all observe that the Lie algebra of the Spin(16,C) subgroup of the (16)
generalized SLOCC group is spin(16) ≃ so(16). This Lie algebra has
(
16
2
)
= 120 generators.
The Spin(16,C) subgroup acts on the 27 = 128 dimensional space of positive chirality
spinors F+8 in a manner as described by Eq.(16). Let us denote this 128 dimensional vector
space by the symbol m. Taken the direct sum of this vector space with the 120 dimensional
vector space coming from the Lie algebra of so(16) gives rise to a 248 dimensional one of the
form so(16)⊕ m. One can give a Lie-algebra structure to this vector space as follows. The
so(16) part is already a Lie algebra, we regard this as a Lie subalgebra. The infinitesimal
version of the generalized SLOCC action defines the commutator of the so(16) part with
the m one. The only set of commutators yet to be defined are the [m,m] ones. For the
definitions of these commutators see Eqs.(8)-(9) of Ref.[13]. The Lie algebraic structure
obtained in this way is the one of the largest exceptional group e8, and gives rise to the
Cartan decomposition.
e8 = so(16)⊕m. (82)
In this picture it is the adjoint representation of E8 which induces on m (by restriction) our
(16) Spin(16,C) action.
Now using the commutators of the [m,m] type[13, 9] one can show that the basis vectors
of V S3 are defining a Cartan subspace c of (i.e. a maximal commutative subspace) of m i.e.
V S3 = c ⊂ m = F
+
8 . (83)
This formula identifies the code subspace as a Cartan subspace of e8. Let moreover G0 =
Spin(16,C). Then it is also known that G0c is a dense subset of F
+
8 . Hence the generalized
SLOCC orbit of our fermionic code is dense in the positive chirality subspace of the fermionic
Fock space6.
Let us now consider the state |Ψ〉 ∈ V S3 of Eq.(77). From its amplitudes one can form
the 240 element set of elementary polynomials es(Ψ0,Ψ1, . . . ,Ψ7), s = 1, 2, . . .240, of the
form
±Ψp ±Ψq,
1
2
(Ψ0 ±Ψ1 ±Ψ2 ±Ψ3 ±Ψ4 ±Ψ5 ±Ψ6 ±Ψ7), p 6= q (84)
where in the second set only an even number of minus signs are allowed. This 240 = 112+128
split of polynomials corresponds to the root system of the group E8. Let us now define the
polynomials
Π2p(Ψ) =
240∑
s
[es(Ψ)]
2p, 2p = 2, 8, 12, 14, 18, 20, 24, 30. (85)
Then it can be shown[13, 7] that this set is an algebraically independent one of invariant
polynomials with respect to the Weyl group W ≡ W (c, e8), with e8 regarded as a graded
algebra. It is known[14] that the restriction of polynomial functions C[m] → C[c] induces
an isomorphism C[m]G0 → C[c]W of the polynomial algebras of G0 and W invariant poly-
nomials. Since G0c is dense in F
+
8 it follows that any G0 invariant polynomial on F
+
8 is
determined by its restriction to our fermionic code subspace c. In this sense our fermionic
code can also be regarded as a seed for generating the algebraically independent set of
generalized SLOCC invariant polynomials on F+8 .
6Notice also that the subspace of the [4, 2, 2] four-qubit code, we have started our considerations with, is
also dense within the four-qubit space.
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6 Conclusions
In this paper we have shown that the [16, 3, 4] code of Hastings can be obtained via combining
two (qubit stabilizer) codes in the following manner. As a first step one embeds two copies
of the [4, 2, 2] four qubit code into two different subspaces of the Fock space corresponding to
the single and double occupancy representation of four qubits. As a result of this one obtains
two copies of a [16, 2, 4] fermionic code. Then via the use of an intertwiner one glues the
four dimensional (two logical qubits) subspaces of these fermionic codes together arriving
at the eight dimensional (three logical qubits) one of the [16, 3, 4] code. As a byproduct
this construction connects our eight dimensional code subspace to a Cartan subspace of m
answering the Cartan decomposition e8 = so(16)⊕m of the Lie algebra of E8.
In arriving at these results we worked out a formalism of embedded qubit systems eligible
for fermionic code constructions. Let us now note in this respect that apart from the
single and double occupancy representations of embedded qubits there are mixed occupancy
representations as well[7]. They are defined as follows. For the single occupancy subspace
let us introduce the notation
Ks ≡ K
(00...0). (86)
Define a set of 2n dimensional subspaces of F2n as
K(α1α2...αn) = cα11 c
α2
5 · · · c
αn
4n−3K
(00...0), (α1, α2, . . . αn) ∈ Z
n
2 . (87)
Then one can show that[7]
F2n =
⊕
(α1α2...αn)∈Zn2
K(α1α2...αn). (88)
Clearly in this notation the double occupancy subspace is
Kd ≡ K
(11...1). (89)
Now apart fromKs andKd we are having new subspaces. These give rise to mixed occupancy
representation of n-qubits. Clearly these considerations define 2n intertwiners similar to the
one Ω showing up in Eq.(46). These operators are the ones responsible for maps in between
the subspaces representing embedded n-qubit systems.
If in accord to Ref.[6] one wishes to construct fermionic codes for which the chirality
operator Γ of Eq.(11) is in the stabilizer: then one should merely consider subspaces from
F+2n. (Notice that for n odd the single occupancy subspace is not eligible for building such
codes. However, one can always use the double occupancy subspace in this respect.) The
next step would be to consider fermionic codes having their origin as qubit stabilizer codes
in the spirit of [4], and examine under what conditions certain number of copies of such
codes can be glued together via the use of intertwiners to form new fermionic ones. Such
ideas we are intending to follow in a subsequent publication.
7 Acknowledgement
This work was supported by the Franche-Comte´ Regional Research Council, Project ”Mo-
bilite´ internationale des chercheurs”. It was also supported by the French ”Investissements
d’Avenir” program, project ISITE-BFC (contract ANR-15-IDEX-03) and the National Re-
search Development and Innovation Office of Hungary within the Quantum Technology
National Excellence Program (Project No. 2017-1.2.1-NKP-2017-00001)”.
8 Appendix
Let us elaborate on the structure of the vector space (Z2N2 , 〈·, ·〉) where 〈·, ·〉 is the (13)
symplectic form. Explicitely for the canonical basis {eµ} of Z
2N
2 we have
Jµν ≡ 〈eµ, eν〉 = 1µν − δµν , µ, ν = 1, 2, . . .2N (90)
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where 1µν is the 2N × 2N matrix having only 1s as entries. To the canonical basis vectors
we associate the Majorana operators
eµ 7→ cµ, µ = 1, 2, . . . , 2N (91)
Then to an arbitrary vector v = vµeµ ∈ Z
2N
2 this mapping assigns a Majorana fermion
operator
v 7→ cv ≡ c
v1
1 c
v2
2 · · · c
v2N
2N . (92)
Under this map addition of vectors corresponds to multiplication of operators modulo el-
ements of ω (see Eq.(12). In this way up to such factors to the 22N vectors of Z2N2 one
can associate 22N Majorana operators cA where A is one from the 2
2N possible subsets of
{1, 2, . . . , 2N}. Note, that for a pair of vectors v = vµeµ and u = u
νeν answering the subsets
A and B we have
〈v, u〉 = Jµνv
µuν (93)
in accordance with Eq.(13).
In (Z2N2 , 〈·, ·〉) one can choose other basis sets dictated by convenience. Consider for
instance {fµ} defined by the following set of linear combinations
f2I−1 = e2I−1 + e2I , f2I =
2I−1∑
K=1
eK , I = 1, 2 . . .N. (94)
In the Jordan-Wigner representation of our Majorana operators, by virtue of Eqs.(10) and
(91) it is easy to show that our new basis vectors correspond to the ones
f2I−1 7→ σ
(I)
z f2J 7→ σ
(J)
x , I = 1, 2, . . .N. (95)
In this basis it is easy to check that
Jˆµν ≡ 〈fµ, fν〉, Jˆ2I−1,2I = Jˆ2I,2I−1 = 1, Jˆµν = 0, otherwise. (96)
Clearly this property corresponds to the fact that the operators of (95) for I 6= J are
commuting and for I = J are anticommuting. This basis is usually called the symplectic
basis.
Writing
fµ = eνB
ν
µ, eν = fµA
µ
ν , AB = I2N (97)
with
B =


1 1 0 1 . . . 1
1 0 0 1 . . . 1
0 0 1 1 . . . 1
0 0 1 0 . . . 1
...
...
...
...
. . .
0 0 0 0 . . . 0


, A =


0 1 1 1 . . . 1
1 1 0 0 . . . 0
0 0 0 1 . . . 1
0 0 1 1 . . . 0
...
...
...
...
. . .
0 0 0 0 . . . 1


(98)
by virtue of v = vµeµ = vˆ
νfν we have
vˆν = Aνµv
µ, vν = Bνµvˆ
µ (99)
and
Jˆ = BTJB. (100)
Noticing that
(00)↔ I, (01)↔ σx, (11)↔ σy, (10)↔ σz (101)
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one can see that in accordance with (10) the µ th column of A encodes cµ expressed in
terms of Pauli matrices. Using Eq.(99) up to a sign any string of Majorana operators can
immediately be converted to a one of N -fold tensor products of Pauli operators and vice
versa. For example for N = 8 the generators of the four-qubit code take the following form
gj = −σ
(2j−1)
z σ
(2j)
z , g5 =
8∏
I=1
σ(I)y , g6 =
4∏
j=1
σ(2j)z . (102)
where j = 1, 2, 3, 4. The chirality operator is Γ =
∏8
I=1 σ
(I)
z .
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